Abstract. We consider the self-similar structure of a class of generalized Cantor sets
Introduction
For an integer d, let φ d be a contractive map defined by (1) φ d (x) = β(x + d), x ∈ R, where 0 < β < 1. Let Z ∞ be the set of infinite sequences {d n } ∞ n=1 with each d n ∈ Z. We define the coding map π : Z ∞ → R by d n β n : d n ∈ D n for all n ≥ 1 .
We assume that the digit sets D n , n ≥ 1, have bounded cardinality and the sums in (3) are all convergent, which we express as (4) sup
where λ n = max{d : d ∈ D n }. 
A map S : R → R is called a similitude if there is r, 0 < |r| < 1, and b ∈ R such that S(x) = rx + b for x ∈ R. Here r is called the contraction ratio of S. Suppose {S j (x) = r j x + b j : j ∈ J}, where J is a finite index set. Then there exists a unique compact set Λ satisfying
The compact set Λ is called a self-similar set generated by the iterated function system (IFS) {S j : j ∈ J}. In particular, if r i = r j for all i, j ∈ J, then Λ is called a homogeneously generated self-similar set.
Intersections of Cantor sets have been studied by many authors (cf. [4, 5, 7, 1, 10, 3, 11] ). Recently, Deng et al. [2] studied the self-similarity of the intersections of the classical middlethird Cantor set with its translations. Essentially they gave a characterization for Γ 1/3,D being a self-similar set, where D = has been extended in [6] and [8] to the case for Γ β,{0,1,··· ,N −1} ∞ ∩(Γ β,{0,1,··· ,N −1} ∞ +t), where N ≥ 2 is an integer, 0 < β < 1/N and t ∈ [−1, 1] has a unique {0, ±1, · · · , ±(N − 1)}-code. In fact they gave a necessary and sufficient condition for the generalized Cantor set Γ β,D being a self-similar set, where 0 < β < 1/N and all the digit sets D n ⊆ {0, 1, · · · , N −1}, n ≥ 1, are consecutive, i.e., there exists some τ n ≥ 0 such that
However, when some digit set D n is not consecutive, nothing is known about the selfsimilarity of Γ β,D . This motivates us to investigate the self-similarity of generalized Cantor sets.
We arrange the paper in the following way. In Section 2 we state the main result in Theorem 2.1, and its proof will be given in Section 3. In Section 4 we consider an application to the self-similarity of intersections of generalized Cantor sets.
Preliminaries and the main result
For 0 < β < 1, let Γ β,D be a generalized Cantor set of type D = ∞ n=1 D n . Recall from Equation (2) and (3) that π is a surjective map from D to Γ β,D defined by
We point out that a point x ∈ Γ β,D may have multiple D-codes. But when 0 < β < 1/N D , the map π from D to Γ β,D is bijective and, hence, each point in Γ β,D has a unique D-code. Here N D is the span of D defined as 
,
Obviously, a periodic sequence {d n } ∞ n=1 is a SEP sequence, and a SEP sequence {d n } ∞ n=1
is eventually periodic. Note that a SEP sequence {d n } ∞ n=1 is called strongly periodic in [2] . Analogously, we have the definition for the strong eventual periodicity of a sequence of sets.
with ∅ = D n ⊆ Z is called strongly eventually periodic (or simply, SEP) with period p ∈ Z + if there exist two finite sequences of sets
where
denotes the infinite repetition of a finite sequence of sets {C ℓ } p ℓ=1 .
When a sequence of sets {D n } ∞ n=1 is SEP with period p, it is easy to check that the sequence {|D n | − 1} ∞ n=1 is also SEP with period p, where |A| stands for the cardinality of a set A. In general this is not true the other way around. But when all the digit sets D n , n ≥ 1, are consecutive, the SEP of the sequence {|D n | − 1} When all the digit sets D n , n ≥ 1 are consecutive, the authors in [6] and [8] showed that for 0 < β < 1/N the generalized Cantor set Γ β,D is a self-similar set if and only if the sequence {|D n | − 1} ∞ n=1 is SEP. However, this characterization for the self-similarity of Γ β,D fails if some digit set D n is not consecutive. In the following theorem we give a more general characterization for Γ β,D being a homogeneously generated self-similar set.
is a homogeneously generated self-similar set if, and only if, the sequence of sets {D n − γ n } ∞ n=1 is SEP, where
We remark here that Theorem 2.1 generalize [9, Theorem 1.2] where the authors only prove the theorem for 0 < β < 1/(2N − 1). When β gets larger, the proof is more involved. Moreover, we give an example to illustrate that the upper bound 1/[(3N − 1)/2] for β in Theorem 2.1 can not be improved to 1/N as in the consecutive case.
is not SEP. Take β = 1/6. Then 1/[(3N − 1)/2] < β < 1/N . We will show that Γ β,D is a self-similar set generated by an IFS {g j (x) = rx + b j : j ∈ J} with r = β 2 .
Recall that π is the coding map from D to Γ β,D defined by letting
be the sequence of similitudes, where
Then, by using D n = D n+2 for n ≥ 3, we have
Then, by using β = 1/6 we obtain that
In a similar way, one can also show that
Proof of Theorem 2.1
For convenience we introduce the following notations. For a sequence of sets
a n : a n ∈ A n , n ≥ 1 , and for a real number x and a set A let xA := {xa : a ∈ A} = Ax. Then by (3) the generalized Cantor set Γ β,D of type D can be rewritten as
To prove Theorem 2.1, it is convenient to shift Γ β,D such that 0 is the left endpoint. More explicitly, let D
So it suffices to prove Theorem 2.1 for is SEP, then Γ β,D ′ is a homogeneously generated self-similar set.
Proof. By Definition 2.2, we assume
In a similar calculation as in [8, Theorem 1.2] one can show that Γ β,D ′ is a self-similar set generated by the IFS {g e (x) = β q x + e : e ∈ E }, where
This finishes the proof.
To prove the necessity we need more effort. Recall in (6) that Γ β,D ′ is a generalized Cantor set of type
If Γ β,D ′ is homogeneously generated self-similar set, we will show in the following lemma that the sequence of sets {D 
Proof. Suppose Γ β,D ′ is a self-similar set generated by an IFS {f i (x) = rx + a i : i ∈ I} with 0 < |r| < 1, i.e.,
One can assume that 0 < r < 1, since otherwise we can consider the IFS
I} instead of {f i (x) : i ∈ I}. Since 0 < β < 1, there exists some α > 0 such that r = β α .
In a similar way as in the proof of [6, Theorem 3.2] one can show that α must be a rational number. Take m ∈ Z + such that q := mα ∈ Z + . Then Γ β,D ′ can be also generated by
ℓ , and we take dβ
This implies d ∈ D 
This completes the proof.
Recall from Section 2 that an infinite sequence {x
. In this case,
which is not of the form
Proof. The lemma follows by the fact that when 1/β / ∈ Z + the coding map π from
is bijective, and when 1/β ∈ Z + then π is almost bijective in the sense that only countably many points in Γ β,Ω ∞
Proof of the necessity. If N = 2, then all the digit sets D n are consecutive, and in this case the necessity follows from [8] and [6] . In the following we will assume N ≥ 3. Then by the assumption we have 0 < β ≤ 1/[(3N − 1)/2] < 1/N. By Lemma 3.1 there exists p ∈ Z + such that
Moreover, we can require from Lemma 3.1 that Γ β,D ′ is generated by an IFS {g j (x) =
By Equation (7) the necessity will then follow if we can show that D
Directly from the definition of sum of sets, we have the inclusion
On the other hand, let d ∈ D ′ p+ℓ for some 1 ≤ ℓ ≤ p. We split the proof of d ∈ B ℓ + D ′ ℓ into the following two cases.
Case
. Take
Since 0 < β < 1/N , we have x < β p+ℓ−1 , and then we obtain that b jx,n = 0 for 1 ≤ n < p+ℓ and x ′ n = 0 for 1 ≤ n < ℓ. Then Equation (8) can be rearranged in the following way:
Since 0 < β < 1/N and the digit b jx,n satisfy b jx,n ≤ λ n for all n ≥ 1, we have
Then it follows from Equation (9) that
, we have by Equation (10) 
Since 0 < β ≤ 1/[(3N −1)/2] and N ≥ 3, we have b jx,n ≤ N −1 < [1/β]−1 for n ≥ 1. Then, by using Lemma 3.2 in Equation (11), we obtain
By using 0 < β < 1/N we have y < β p+ℓ−2 , and then we obtain that (13) b jy,n = 0 for 1 ≤ n < p + ℓ − 1 and y ′ n = 0 for 1 ≤ n < ℓ − 1. Then Equation (12) can be rearranged as
where we set y
In a similar way as in Case I, we can show that
Then, by using Equation (15) and (16) it follows that
This, together with Equation (14), yields that
Substituting (17) in Equation (14) we obtain
This, again by using Equation (16), yields that
. In a similar way as in Equation (11) 
Then, by using Lemma 3.2 in Equation (19), we obtain λ p+ℓ−1 + 1 ∈ D ′ p+ℓ−1 , leading to a contradiction with the definition of λ p+ℓ−1 .
Intersections of generalized Cantor sets
Let Γ β,C and Γ β,D be two generalized Cantor sets of types C = ∞ n=1 C n and D = ∞ n=1 D n , respectively. Using (3), one can easily write the intersection Γ β,C ∩ Γ β,D as
where 
which is a generalized Cantor set of type ∞ n=1 (D n ∩ (D n + t n )). By using Theorem 2.1, we have the following proposition on the self-similarity of intersections of a generalized Cantor set with its translations. . Then Γ β,D ∩ (Γ β,D + t) is a homogeneously generated self-similar set if, and only if, the sequence of sets {D n ∩ (D n + t n ) − γ n (t)} ∞ n=1 is SEP, where γ n (t) = min{d : d ∈ D n ∩ (D n + t n )}.
